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The question if quantum effects can be explained with ‘classical’
physics, is still interesting. The discussion was initiated with the
EPR paper [1] and is also related to the dividing line between
classical and quantum physics, see also [7]. In this paper, a model
system, 2+1 ‘electron gas’ in semiconductor material [5] is studied.
The approach resembles Madelungs reformulation of the
Schrödinger equation [2]. This reformulation was criticized [3].
However, Bohm used the formalism for his quantum potential
[4]. Let us start with the distribution function without electric
and magnetic ﬁelds, f 0ðkÞ ¼ 1
1þexp EðkÞEFkBT
h i, with k ¼ ðk1; k2; 0Þ the
wave vector, kB is the Boltzmann constant, T the absolute temper-
ature and EF the Fermi energy, e.g. see [6]. The notation, k ¼ ðk1; k2Þ
and k ¼ ðk;0Þ, etc is also employed. Continuing in 3+1 to effectively
work with the Lorentz force, we have, k ¼ kðtÞ. If a source
fEðtÞ;BðtÞg is available, the acceleration is1
bðtÞ
h
m
dk
dt
¼ d
dt
vðkÞ ¼  e
m
EðtÞ þ vðkÞ  BðtÞf g ð1ÞWith, EðtÞ ¼ ðEðtÞ; 0Þ and similarly, BðtÞ ¼ ðBðtÞ;0Þ. The acceleration
is related to hm
_k;m is the effective mass of ‘the electron’. The bðtÞ is
additional see [5]. It refers to a time varying effective mass. The new
distribution shows f ðk; tÞ ¼ f ðkþ _kdt; t þ dtÞ. _k ¼ ddt k, etc. Thegenerated excess distribution is gðk; tÞ ¼ f ðk; tÞ  f 0ðkÞ. In 2+1,
gðk; tÞ ¼ f ðk; tÞ  f 0ðkÞ. The current vector in 2+1 is
jðtÞ ¼ 2e
Z
d2k
ð2pÞ2
vðkÞgðk; tÞ ð2Þ
Moreover, v ¼ ðv;0Þ. If the ﬁelds are swithched off again the excess
distribution decays, @f ðk;tÞ
@t
 
Coll
¼  gðk;tÞsðk;tÞ, @f ðk;tÞ@t
 
Lor
¼  rf ðk; tÞð Þ  dkdt .
The sðk; tÞ is the relaxation time. The Boltzmann equation for
gðk; tÞ via @f ðk;tÞ
@t
 
Lor
þ @f ðk;tÞ
@t
 
Coll
¼ 0 turns out to be
gðk; tÞ
sðk; tÞ ¼
ebðtÞ
h
rkf 0ðkÞ þ rkgðk; tÞð Þ  Lðk; tÞ ð3Þ
with Lðk; tÞ ¼ EðtÞ þ vðkÞ  BðtÞf g. For unit vectors fe^jg3j¼1;rk ¼P2
1e^j
@
@kj
;vðkÞ  BðtÞ ¼ e^3ðv1B2  v2B1Þ, such that rkgðk; tÞð Þ
Lðk; tÞ ¼ 0; rkgðk; tÞð Þ  EðtÞ  0, see, [5]. From (3), gðk; tÞ ¼
sðk; tÞ ebðtÞh rkf 0ðkÞð Þ  EðtÞ and, rkf 0 ¼ @f 0@EðkÞrkEðkÞ, [5].
Subsequently,
lim
T!0
@f 0
@EðkÞ ¼ d EðkÞ  EFð Þ;
rkEðkÞ ¼ diagðaðkÞ;aðkÞÞvðkÞ
ð4Þ
with diag a 2 2 diagonal matrix and v – 0 despite T ! 0, [5].
Given, j ¼ rE, (2) can, with cðk; tÞ ¼ aðkÞbðtÞsðk; tÞ be rewritten as
r ¼ e
2
2hp2
Z
d2kd EðkÞ  EFð Þcðk; tÞvðk; tÞ  vðk; tÞ ð5Þ
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i;j
¼ xiyj for i; j ¼ 1;2. Suppose,
E ¼ 1
2
mv2ðkðtÞ; tÞ þ VðkðtÞ; tÞ þ UðkðtÞÞ: ð6Þ
The velocity in (1) is integrated to (vðkð0ÞÞ ¼ kð0Þ ¼ 0)
vðkðtÞ; tÞ ¼ h
m
1
bðtÞ kðtÞ þ
Z t
0
dt0kðt0Þ
_bðt0Þ
b2ðt0Þ
( )
ð7Þ
Let us apply Simpsons rule to (7). Hence, (kð0Þ ¼ 0)
vðkðtÞ; tÞ 
h 1þ t _bðtÞ3bðtÞ
 
mbðtÞ kðtÞ þ
4ht _bðt2Þ
3mb2ð t2Þ
k
t
2
 
ð8Þ
Write, v  c1kðtÞ þ c2kðt=2Þ. The cj ¼ cjðtÞ can be obtained from (8).
So, v2ðkðtÞ; tÞ  c21k2ðtÞ þ c22k2 t2
 þ 2c1c2kðtÞ  k t2 . Furthermore,
kðt=2Þ ¼ kðtÞ þ DkðtÞ, whereas, kðt=2Þ ¼ kðtÞ þ dkðtÞ. With the use
of, Vðk; tÞ ¼ mc1ðtÞc2ðtÞkðtÞ  dkðtÞ in (6), corresponding to
the initial Fermi-Dirac distribution, it is found
E  m

2
ðc1 þ c2Þ2k2 þ 2kc22Dkþ c22fDkg2
n o
þ UðkÞ ð9Þ
Hence, E is a function of k only, fDkðtÞg2 is not necessarily equal to
fdkðtÞg2. Let us now transform k1 ¼ k cosðuÞ and k2 ¼ k sinðuÞ. The
Jacobian of this transformation is, k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21 þ k22
q
. We have,
fdkðtÞg2 ¼ fdkðtÞg2 þ k2ðtÞfduðtÞg2 and
r ¼ e
2
2hp2
Z
kdk dud E  EFð Þc  ðv  vÞðk;u; tÞ ð10Þ
Note, c ¼ aðk;uÞbðtÞsðk;u; tÞ. Because _k – 0, we also see _k – 0
and/or _u– 0. Subsequently we transform from k to E and u to /
with / ¼ u. The Jacobian for ðk;uÞ ! ðE;/Þ is in good approxima-
tion, (6)–(9),
J ¼ @k=@E @k=@/
@u=@E @u=@/
				 				 ¼ @k=@E 00 1
				 				 ¼ @kðE; tÞ@E ð11Þ
The conductance in (10) can subsequently be written as
r ¼ e22hp2
R1
0 dE
Rþp
p d/d E  EFð Þs0ðv  vÞðE;/Þ, with s0 ¼ kðEÞsðE;
/; tÞJðE; tÞaðE;/ÞbðtÞ 2 R. The a ¼ aðE;/Þ is justiﬁed by (4) and (9),
and b, from (8), is assumed such that ðc1 þ c2Þ  0 is possible. This
implies dk1k1  
dk2
k2
¼ nðE;/Þ () 2dk=kþ ðcotanð/Þ  tanð/ÞÞd/  0
such that n   d/sinð2/Þ, with aðkÞ  ð1Þjþ1
mc22DkþU
0 ðkÞ
kc2dkj=kj
 
; j ¼ 1;2.
Hence, r ¼ e22hp2
Rþp
p d/ s
0vðEF ;/Þ  vðEF ;/Þ. Let us deﬁne
uðEF ;/Þ ¼ vðEF ;/Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s0ðEF ;/Þ
p
. u can be real or imaginary.
Can Pauli’s matrix rx be derived from (10)? The Heaviside H is,
HðxÞ ¼ 1 for all xP 0 and HðxÞ ¼ 0 for all x < 0. Suppose w 2 ð0; p4Þ.
For / 2 ðw;wÞ, deﬁne, Gð;w;/Þ ¼ Hð/þ wÞHð /Þ;Gþð;
w;/Þ ¼ Hðw /ÞHðþ /Þ. Hence, Hð;w;/Þ ¼ Gð;w;/ÞGþð;
w;/Þ;0 < ! 0,
u1ðEF ;/Þ ¼ jðEF Þﬃﬃﬃﬃ
2w
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃtanð/Þp Hð;w;/Þ
u2ðEF ;/Þ ¼ jðEF Þﬃﬃﬃﬃ
2w
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcotð/Þp Hð;w;/Þ ð12Þ
Integrating for u21, in E ¼ EF and /
r1;1 ¼ e
2j2ðEFÞ
4hp2w
Z
-
þp
p
d/ tanð/ÞHð/þ wÞHðw /Þ ð13Þ
Or, equally r1;1 ¼ C
R
-þwwd/ tanð/Þ ¼ C log j cosð/Þj½ 	þww with C ¼ e
2j2ðEF Þ
4hp2w .
So, r1;1 ¼ 0 and r2;2 ¼ 0 where r2;2 ¼ Cflog j sinðwÞj
log j sinðwÞjg ¼ 0. For, r1;2 ¼ r2;1,
r1;2 ¼ C
Z
-
þw
w
d/
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tanð/Þ
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cotð/Þ
p
¼ e
2j2ðEFÞ
2hp2 ð14ÞHence, with jðEFÞ ¼ p
ﬃﬃﬃﬃ
2h
p
e the Pauli matrix rx ¼
0 1
1 0
 
, can be
obtained for the conductance matrix. Secondly we ask, can ry
Pauli matrix be derived? From
u1ðEF ;/Þ ¼ kðEFÞ cosð/=2ÞHð/ gÞH p2  /
 
u2ðEF ;/Þ ¼ ikðEFÞ sinð/=2ÞH / p2
 
Hðp g /Þ ð15Þ
with g 2 ð0;wÞ and w 2 ð0; p4Þ, the integral for u1ðEF ;/Þu2ðEF ;/Þ
vanishes. For the r1;1 term
r1;1 ¼ e
2k2ðEFÞ
2hp2
Z p=2
g
cos2ð/=2Þd/ ð16Þ
Because cos2ð/=2Þ ¼ 12 ð1þ cosð/ÞÞ it follows r1;1 ¼ e
2k2ðEF Þ
4hp2
p
2  gþ


1 sinðgÞg. Similarly,
r2;2 ¼  e
2k2ðEFÞ
2hp2
Z pg
p=2
sin2ð/=2Þd/ ð17Þ
Given, sin2ð/=2Þ ¼ 12 ð1 cosð/ÞÞ it follows that r2;2 ¼  e
2k2ðEF Þ
4hp2
p
2


gþ 1 sinðgÞg. When kðEFÞ and jðEFÞ such that j2ðEFÞ ¼
k2ðEF Þ
2
p
2  gþ 1 sinðgÞ

 
then we ﬁnd, with jðEFÞ ¼ p
ﬃﬃﬃﬃ
2h
p
e ,
ry ¼ 1 00 1
 
.
Conclusion
Suppose, bE2 ¼ E21 þ E22 ¼ 1. The two currents
jM ¼ cosðhMÞrx þ sinðhMÞry
 bE ¼ rMbE ð18Þ
with M2 fA;Bg allow,
EðhA; hBÞ ¼ jTA  jB ¼ cosðhA  hBÞ: ð19Þ
Hence, from a classical linearized Boltzmann equation in a semicon-
ductor, the quantum correlation can be derived. The quantum
correlation in 2+1 suggests a role of emergent quasi particles i.e.
charged anyons [8] or quasi-free electrons. If the conductances, rA
and rB, are physically possible, a related CHSH inequality can, clas-
sically, be violated in the following experiment. Suppose Alice holds
crystal A1, deﬁned by mixing angle hA;1 and crystal A2, with hA;2.
Similarly Bob holds Bj; j ¼ 1;2. In a CHSH type experiment e.g.
[9], Alice stores the current jAðhA;jÞ while Bob stores jBðhB;nÞ and
j; n ¼ 1;2, then, after N trials EðhA; hBÞ, (19), per trial stored currents,
can be determined. It would be interesting to ﬁnd out if such
crystals can be constructed.Acknowledgement
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